Unique phase recovery from a single two-dimensional intensity data set depends on the complex function's being represented by a globally irreducible entire function. Functions of two complex variables, in general, are likely to be irreducible, but no conditions have been stated to ensure this except for objects consisting of specific arrays of points. A condition based on Eisenstein's criterion for points in the object plane.
In one dimension, it is well known that the extent of the ambiguity of phase functions that can be associated with an observed modulus distribution (scattering data, image data, or a coherence function) is expressed by the distribution of complex zeros of the associated analytic function. Unique phase recovery is ensured through zero location, for example, by using a second intensity or prior knowledge about the object, or by the guarantee of a zero-free half-plane, for example, through the addition of a reference wave. 1 In two dimensions, the field before detection is again analytic, and the phase ambiguity can be expressed by the number of non-self-conjugate irreducible factors in the Osgood product, 2 N }?(z) = H [Fm(z) where Fm(z) are globally irreducible factors, e-m are convergence factors, Tom are polynomials, and lm are integers. It has been shown that the set of polynomial functions of two variables and given degree is a set of measure zeros; thus one is tempted to assume that in general F(z) will be irreducible, i.e., that N = 1. If this is the case, then a phase unique to within trivial factors can be associated with the observable IF(xi, x 2 ) 2.
However, one cannot assume that F(z) is always irreducible, or that reducible F(z) are unimportant, 4 as has been demonstrated. 5 ' 6 It should be noted that the zeros of F(z) are lines in (z 1 , z 2 ) space and thus extend throughout that space. The use of the Hilbert transform to attempt to construct q5(z) from loglF(z) [ will result in a function that, in general, is not even analytic, in distinction from the one-dimensional case. Real and conjugate symmetric factors can occur that do not contribute to the phase ambiguity, and for simply shaped apertures and supports one might expect the asymptotic zeros to reflect these shapes by a reducible function. irreducibility is given here that requires two reference
Phase-Retrieval Methods in Two Dimensions
In practice, we have data not on continuous variables but only a finite number of discrete samples. Only with an infinite number of samples can a unique representation of F(z) be found; with a finite number of data points an infinite ambiguity is possible unless some estimate for F(z) is selected on the basis of prior knowledge or a chosen model. 8 Phase-recovery algorithms considered to date include the two-defocus method and those of Gerchberg and Saxton and Fienup. The uniqueness of the first two methods, which require two sets of modulus data, has been discussed. 9 In practice, with sampled data, convergence to the unique solution, if the methods converge at all, is not guaranteed. Fienup's method requires only one modulus data set and, ideally, knowledge of the object support.1 0 Only for a nonredundant point-array object can one easily deduce the object support from the autocorrelation support, and in this special case one can also directly determine the point amplitudes"; examples of nonredundant arrays have been given by Golay.1 2 We consider here the case for which only one modulus data set is available. The iterative techniques listed above, and hybrid versions of them, have been compared in detail, 13 but for their convergence rather than for possible uniqueness. However, uniqueness of phase is guaranteed if we adopt a model for the object based on the Fourier transform's being an irreducible polynomial of degree determined by the number of data points.
Irreducible Polynomials
A polynomial of total degree N in two variables will require (N + 1)N + 2)/2 coefficients and thus this number of data points to represent it uniquely. If we 0146-9592/83/020096-03$1.00/0have N 2 data points, then we may assume that the maximum degree in each variable is N -1; thus the N 2 coefficients that are associated with this polynomial. We wish to ensure irreducibility of this polynomial. The example given by Bruck and Sodin' 4 in which a reference point is placed to one side of a one-dimensional object array of points ensures irreducibility but is of limited interest.
If the object support is not known, then the simplest step is to assume a constraint for irreducibility outside a simply shaped region within which the object is known to be confined. If the object support is known, a more appropriate and specific constraint can be introduced, and, in addition, it may be possible to model the object by a polynomial of higher degree and thus achieve higher resolution. The following is a sufficient condition for irreducibility of F(z,, Z 2 ), Z complex.
Eisenstein's Criterion. 15 Consider F(z,, Z 2 ) as a polynomial in z1, i.e., Consider the general form of a polynomial in two variables having maximum powers J and K in zi and 22:
F(zi,
The coefficients of the polynomial are samples of the object.1 4 We can construct an irreducible polynomial in, for example, the following way. Assume that the region containing the object support is a rectangle defined by O < j < J-land 1 < k < K. A single reference point at (J, 0) ensures irreducibility, provided that the point at (0, 1) is nonzero. The simplest prime, Z2, divides all coefficients except that of the zVJ term, and Z222
does not divide the Z10 coefficient. point on its perimeter as B and then select an optimum location for A chosen by rotating the support and redefining the axes; irreducibility is maintained under any linear transformation. The reference function introduced can be arbitrarily close to the object support, provided that the Eisenstein criterion is satisfied. The method has similarities to off-axis holography 1 a holographic reconstruction failing because of the overlap of the autocorrelation and cross-correlation terms. The object support may be such that this is naturally satisfied.
Implementation of Phase-Retrieval Methods on Irreducible Polynomials
Having shown that our object model generates an irreducible polynomial of degree compatible with the number of data points available, we still have to find a way of recovering the unique phase from the modulus data. It has yet to be proved that, when only one posk l sible phase function exists, the Fienup algorithm, if it converges, does converge to the correct phase. Nevertheless, we have compared object reconstructions by using this algorithm with and without the reference points of A and B. These are illustrated in Fig. 2 . The results are encouraging, showing a rapid convergence with the reference points when there is no sign of convergence to the correct solution without them. The computer simulations indicate that, when a unique phase exists, there is no advantage in imposing the positivity constraint (when relevant) other than to speed up the rate of convergence.
Conclusions
It has been argued that, despite the likelihood of irreducibility for functions of more than one variable, the lack of consistent success of phase-retrieval algorithms suggests that irreducibility should be guaranteed beforehand. In addition, because of the inevitable limitation of discrete data; a model is adopted of a finitedegree irreducible polynomial consistent with the available data. The Eisenstein criterion provides one particular sufficient condition for irreducibility; necessary conditions do not appear to exist, but other sufficient conditions may exist.
Having imposed the irreducibility criterion by adding nonzero reference points to the object, we found that the Fienup algorithm quickly converged to the correct missing phase. This therefore offers a possible means for analyzing the Fienup method to determine necessary conditions for its unique convergence. An analysis in terms of alternating orthogonal projections onto the boundaries of convex setsl 6 suggests that, without additional constraints, Feinup's algorithm could reach all solutions that are band limited and have a given modulus: thus. if the number of solutions is guaranteed to be one, the method will work. 
